ON THE SIGN DEFINITENESS OF QUADRATIC FORMS

(O ZNAXOOPREDELENNOSTI KVADRATICHNYKH PORM)

PMM Vol.28, ® 5, 1964, pp.920~921

A, ANCHEV
(Soria, Bulgaria)

(Received April 27, 1964)

_____ JE R -

We shall investigate the defliniteness and sign of cer
which occur in the applications of the second Liapuno
with the stabllity of motilon.

Let the following be real quadratic forms in »n variables

n n
A(X, X) = 2 25573 % 5 B(Y,Y)= 2 bi;y:Y;
i, 7=1 1, j=1

(A=lay " B=|b;}" 4 (X, X) = X'AX, B (Y,Y) = Y'BY)
where 4 &and g a&are square, symmetric matrices of the goefficients, x

and ¥ are column vectors x, and Y, (¢ =1,...,n), and X’ and ¥’ are
transposes of Y and Y respectively [1].

Consider a quadratic form in 2n variables x, and y,

n n "
A(X, X) + 2kA (X, Y) + B(Y,Y) = 3 ayzw; + 2k 2 ayzy; + 2 byvy; ()
3, j=1 i,i=1 i, f=1

where % 1s a number, and the coefficient matrix of which 1s of the type

A kA ) @

Theorem. A quadratic form in 2, variables (1} is positive (nega-
tive) definite if and only if quadratic forms in p» variables A(r,r) and
¢olx,y) are positive {negative) definite, where the coefficient matrix ¢ of
the form ¢{(x,x) is of the type ¢ = B — K*4.

Proof .
{1). The conditions are necessary.
Let (1) be positive definite; then the inequality
AX, X) +2kA(X,Y)+B(Y,Y) >0 3)
holds for any values of variables, except when both are equal to zero,
For Y =0, x+# 0, it reduces to

D=(k.4 B

A4(X, X)>0 4)

i.e, the quadratic form 4(x,X) is positive definite. Putting ¥ =Y # O
in (3), we obtain

MAY,Y) 4204 (Y, Y) L B(Y,Y) >0 (5)
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which should hold for the values X # O ., This is in fact true, if

BAY, V) —-Aa,Y)B(Y,Y)=A4AF,Y)[2A(Y,Y) — B (Y, Y)] <0 (6)
Hence, from (#) and (6) we obtain

BY,Y)—kBAY,Y)=C({%,Y)>0 O]

i.e. the quadratic form C(r,¥) is positive definite, and consequently the
conditions are necessary.

(11). The conditions are sufficlent.

We assume that the form A(x,x¥) and ¢(x,¥) are positive definite, 1.e.
that (%) and (7) are valid. From (7) we have the inequality

A(X, X) +2k4A (X, Y)+B(Y,Y)>A(X, X)+2kA(X,Y) k4 (Y,Y) (8)
but
AX, X))+ 284 (X,Y) + BRAY,Y)= A (X + kY, X -+ kY)
hence by the positive definiteness of 4(¥,X), we have
AX + kY, X +kY) >0
and (3) follows from (8), 1.e. the conditions are sufficlent.

The above theorem can be formulated in a different way. The princlpal
minors of the square symmetric matrix (2) of the order 2n are all positive
if and only if all principal minors of the nth order square matrices 4 and
0 = p — K4 , are positive.

It 1s easlly seen that the determinant of the matrix (2) is itself a pro-
duct of the determinants of 4 and (¢ , 1i.e.

A kA
R EIPYRTY

Examp1le . The necessary and sufficlent conditions of positive defi-
x(liteness og‘ the quadratic form (Liapunov function) in the variables g,, n,
t =1,2,3

af® 4 bEy* + By — 20 (aymy + bEamp + cEgMg) - 2 (@Bnym, +
4 ayms + BMang) -+ (A 4 pa?) n2 - (A -+ pB?) 2 ++ (A + prd) m,?
(@>0,6>0,¢>>0)

will represent the sufficient conditions for the stabillty of rotation of a
heavy, rigid body [2]. The form A (X, X) = a2 + b&:? + ¢E* 1s, in this case,
ositive definite. The matrix of the coefficilents of the form (¢ =B — ¥*4

¥ = —w) 1s of the type

A+ pa? — aw? paB pay
C = papB A 4-pB? —bo? pBY
poy uBy A 4 pr? — co?

and the condlitlons for three principal minors of (¢ to be positive will
represent the sufficient conditlons for the stability.
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